The temporal intensity profile of pulse(s) from passively Q-switched and passively Q-switched mode locked (QSML) solid-state lasers is known to be dependent on cavity length. In this work, the pulse width, modulation depth, and beat frequencies of a Nd:Cr:GSGG laser using a Cr +4 :YAG passive Q-switch are investigated as function cavity length. Measured temporal widths are linearly correlated with cavity length but generally 3-5 ns larger than theoretical predictions. Some cavity lengths exhibit pulse profiles with no modulation while other lengths exhibit complete amplitude modulation. The observed beat frequencies at certain cavity lengths cannot be accounted for with passively QSML models in which the pulse train repetition rate is τ RT -1 , τ RT = round-trip time. They can be explained, however, by including coupled cavity mode-locking effects. A theoretical model developed for a two section coupled cavity semiconductor laser is adapted to a solid-state laser to interpret measured beat frequencies.
INTRODUCTION
The cavity length of a laser resonator plays an important role in determining the temporal intensity profile of the output pulse(s) in both passively Q-switched and passively Q-switch mode locked (QSML) solid state lasers [ [1] [2] [3] [4] [5] [6] [7] ]. Cavity length can influence pulse width and repetition rate and determine whether a single, modulated, or burst of pulses underneath an envelope is generated. To achieve a single, smooth temporal pulse profile having a single rise and fall of the intensity rather than modulated or multiple pulse output, the difference in buildup time between any pair of longitudinal modes (τ d ) must be greater than the Q-switch pulse duration (τ P ) [ 2 ] . Short cavity lengths generally ensure this condition is met. Isyanova, et al. [ 2 ] derive analytic expressions for the temporal criteria, or difference in buildup time between longitudinal modes to achieve a single longitudinal mode laser pulse with no temporal instabilities.
In addition to the cavity length, the cavity output coupler reflectively (R) and the small signal transmission of the Q-switch (T o ) are the other resonator parameters that allow for optimization of pulse width and energy for both passively Q-switched and passively QSML laser systems [ [8] [9] [10] [11] . Passively Q-switched laser models developed by Patel et al. [ 8 ] and QSML models developed in references [ 10, 11 ] have built off the initial work of Degnan [ 9 ] and provide expressions to optimize Q-switch pulse energy and pulse width for a four level saturable absorber that has excited state absorption. The predicted pulse width of either of a single Q-switched laser pulse or the envelope of the QSML pulse train is linear with cavity length or round trip time, when T o and R are held constant [ [8] [9] [10] [11] . In this paper, the temporal width (full width half maximum), modulation depth, and beat frequencies of a flash lamp pumped, Nd:Cr:GSGG laser using a Cr +4 :YAG passive Q-switch are investigated as a function of cavity length. Cavity length regions are encountered where the pulse intensity profiles vary from little to no modulation to nearly a completely modulated waveform. The observed beat/mode locking frequencies at certain cavity lengths cannot be accounted for (explained) with current passively QSML laser models [ 10, 11 ] in which the repetition rate of the QSML pulse train is τ RT -1 . The observed beat/mode locking frequencies can however, be explained by coupled cavity mode-locking (CCML) effects [ 12, 13 ] in which the repetition rate or mode locking frequency can be a harmonic (integer multiple) of the fundamental mode locking frequency of the resonator. In the manuscripts of Hirano [ 12 ] and He [ 13 ] , a two section resonator is purposely created by introducing a third mirror into the cavity, creating a 3 mirror Fabry-Perot resonator. The reflectivity of the 3 rd mirror used in these publications [ 12, 13 ] are an unknown anti-reflection (AR) coating and a reflectivity of 20 %. We find/show that coupled cavity effects are just as pronounced due to the ~ 4x10 -3 AR coating reflectivity on the output side of the laser rod. This paper is organized as follows. Section 2 discusses the experiment and presents experimental data. In the section 3, a theoretical model initially developed by Coldren [ 14 ] for a two section coupled cavity laser is used to interpret and explain the experimentally measured beat frequencies. Section 3 also discusses the temporal criteria described in reference [ 2 ] for our laser cavity as a function of pump rate and gain roll off versus cavity length. Previous work by Isyanova et al. [ 2 ] investigated the temporal criteria for fixed cavity lengths and pump rates but varying values T o . We numerically determine τ d for fixed values of R and T o but varying cavity length and pump rate. The difference in buildup time between longitudinal modes is compared to simulated and experimentally measured pulse durations to see if the condition to achieve smooth pulses (τ d > τ P ) is satisfied. We show that in flash lamp pumped systems that difference in buildup time between longitudinal modes is largely dependent on the pump rate. For rapid time to fire applications, this pumping rate may limit the ability to achieve temporally smooth pulses in passively Q-switched laser systems. Figure 1 shows a schematic of the laser cavity. The host crystal is gadolinium scandium gallium garnet (GSGG) and is doped with Neodymium (Nd) and Chromium (Cr). The Nd  +3 and Cr  +3 doping concentrations are ~ 2x10  20 cm  -3 and  ~ 1x10 20 cm -3 respectively. The spectroscopic properties of Nd:Cr:GSGG can be found in references [ 15, 16 ]. The gain media is 4.5 cm in length and circular in cross section with a radius of 3 mm except for a 3 mm wide flat surface running the length of the gain rod. One end of the rod has a high reflection (HR) coating with reflectivity > 0.99 and other end has an anti-reflection (AR) coating with a measured reflectivity of ~ 10 -3 at 1061 nm (the lasing wavelength). The cavity output coupler (OC) optic and the high reflectivity end of the gain rod are flat mirrors and create a quasi-stable resonator. The reflectivity of the OC is 0.6. The distance between the Q-switch and output coupler was kept between 3 and 4 mm throughout experiments. The gain rod was side pumped by a single 45 mm long Xenon flash lamp (450 Torr) that was driven by a ~ 40 μs (FWHM) current pulse. The laser was fired at a rate of 0.016 Hz for all data acquisition. The estimated measurement error at each cavity length is ± 1.5 mm. Chromium doped yttrium aluminum garnet (Cr +4 :YAG) with a small signal transmission of 0.35 was used as the passive Q-switch. The cross section and length of the Q-switch are ~ 6 mm x 6 mm x 5 mm. The Q-switch was AR coated on both surfaces at 1061 nm with a reflectivity of ~10 22, 23 ] and also QSML pulse trains [ 10, 11, 24 ].
EXPERIMENT

Experimental description
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Data collection and analysis
The measured Q-switch pulse energy was found to be relatively independent of cavity length. For approximately 330 temporal waveforms collected as a function of cavity length, the measured pulse energy was 127 ± 11 mJ. The laser was operated in multiple spatial modes. The predicted laser energy using Equation (8) of Patel [ 8 ] , assuming a single pass transmission of 0.98, is 156 mJ to 192 mJ depending on the assumed ratio of the ground state (σ gs ) to excited state (σ es ) absorption cross sections of the Q-switch. For the energies calculated above, the absorption cross section ratios are 3.6 and 4.9, respectively [ 18 ] . The measured results are ~ 19 % to 34 % smaller than what is predicted by the model. One possible explanation for this discrepancy is that the model assumes that the entire laser rod area is uniformly pumped and contributes to lasing, whereas measured near field images of the laser output indicated non-uniform pumping in the rod such that some parts of the rod did not contribute to lasing. Diffraction losses should also decrease the output energy, especially as resonator length increases, but are not accounted for in the model. In the simulations pulse energy is independent of cavity length.
Temporal waveforms were acquired with a photomultiplier tube with a 90 ps rise time and 90 ps fall time connected to a 20 GHz oscilloscope. The measured 3dB bandwidth of this measurement system is 3.4 GHz. A 9 GHz (InGaAs) photodetector, connected to the same oscilloscope, was also used to acquire some pulse profiles, however its small detector area ( 800 μm 2 ) and the single mode fiber input made it difficult to couple pulses from the multi-spatial mode laser. Thus the photomultiplier tube whose detector area is 80 mm 2 was mainly used for data collection. 
Here L M , L air , and L Q are the physical lengths of the gain rod, the air gaps in the cavity, and the Q-switch. n M , n air , and n Q are the index of refraction the gain rod, air, and the Q-switch. c is the speed of light. The fundamental beat frequency is discernible near the peak of the pulse, appearing as a periodic (high-high-low-low) fluctuation of the individual peaks that repeats every 4 peaks. Modulation depth = 0.9. Modulation depth is defined as 1-(nearest valley value / peak intensity value) and is bounded between zero and one. Zero indicates a smooth pulse while a value of one indicates a completely modulated pulse. The peak value in the pulse profile is where the intensity is maximum. The valley value in the pulse profile is where the intensity is minimum and located nearest to the peak value. (B)-Normalized power spectral density (PSD) Fourier Transform. The side bands of the 1680 MHz beat are at 1260 and 2100 MHz. The modulation depths and beat frequencies extracted from the measured temporal intensity waveforms and corresponding FT are shown versus cavity length in Figure 3 . The modulation depth is the largest when ε = OPL EXT /OPL M is close to 1, 2, 3, and 4. OPL M is the optical path length of the laser rod [OPL M = L M *n M ], designated as the master cavity, and OPL EXT is the optical path length of external cavity formed by the AR coating on the gain rod and the output coupler optic and includes the Q-switch optical path length and air
As shown in Figure 3B , multiple beat frequencies between axial modes can occur at a given cavity length. We observe that the largest amplitude in the power spectral density (PSD) spectrum occurs at the harmonic of the FSR closest to 1700 ± 70 MHz, when ε is near integer values. This frequency corresponds to the free spectral range (FSR M ) of 1709 MHz calculated for a 45 mm long laser rod with an index of refraction of 1.949. Thus even though the laser rod has an anti-reflection coating on it, there appears to be enough residual reflection to result in a coupled cavity. Harmonic mode locking is predicted to occur when the ε = n/m [ 13 ] for integer values of n and m. When ε = 1, 2, 3, 4…, the predicted dominant mode locking frequency is 1709 MHz and when ε = n/2, where n = 1, 3, 5, 7…, the predicted mode locking frequency is 2FSR M (3418 MHz). At cavity lengths of 83, 103, 153, 163, 183, and 335 mm pulses with low modulation depths are measured on nearly every laser shot and the strongest beat is at the FSR of the physical cavity length. It is possible that there was significant modulation depth and longitudinal mode beating at these cavity lengths, but that the modulation frequency was higher than the detection bandwidth resulting in instrumentally smoothed pulses with small modulation depths.
At ε = n/2, for n = 3, 5, and 7, (cavity lengths ~ 175 mm, 260 mm, and 350 mm) the strongest measured beat frequency occurs at ~2FSR M but the modulation depth is smaller and the variation in modulation depth, intensity profile, and beat frequency strengths between shots is greater than when ε equals an integer value. Figure 4 shows two consecutive laser shots at L C = 175 mm (ε ~ 3/2). Figure 4B shows the FT of the temporal waveform in Figure 4A . The strongest beat frequency occurs at 3340 MHz (~2FSR M or 5FSR of L C ) and the highest frequency component that is resolvable is 6680 MHz. Figure 4C shows the temporal waveform following the laser shot present in Figure 4A . Notice that pulse profile in Figure 4C is smooth compared to pulse profile in Figure 4A . In Figure 5A , the temporal intensity profile of a pulse measured with the 9 GHz detector is shown for a cavity length of 130 mm (ε ~ 1). Figure 5B shows the corresponding Fourier Transform. It is clear from Figure 5A 
DISCUSSION
Mode beating dynamics
In order to understand the orgin of the mode beating and the observed beat frequencies, we need to determine the longitudinal modes of overall laser resonator and their threshold gain differences. To this end, a below-threshold analysis was implemented, following Coldren's [ 14 ] work (not repeated here) describing the behavior of coupled-cavity semiconductor lasers. In our case, however, the two coupled cavities of the laser consist of the laser rod and the cavity between the rod facet and the output coupler optic. The residual 10 -3 reflectivity of the AR coated end of the rod serves as the coupling interface between the two cavities. The wavelengths and threshold gains of the laser modes are determined by solving for the poles of the linear transfer function of the composite resonator ( ) ( ) 
The S ij represent scattering coefficients describing the anti-reflective facet coating on the laser rod. r 1 , r 2 (t 1 , t 2 ) are amplitude reflection (transmission) coefficients for the resonator end mirrors, while k 1 , k 2 are the complex propagation constants within the two sections of the resonator of length l 1 and l 2 . The associated threshold gains for those frequencies are given in Figure 6 b). It is clear that the threshold gain of adjacent modes alternates between a high and low value, with little variation between next nearest neighbor modes. The threshold gain of the lower threshold set of modes, separated by two free spectral ranges (every other mode), is unaffected by coupled-cavity effects, varying only slightly due to gain rolloff from the lasing line shape. This behavior is consistent with the experimental observations in Figure 3 . Where this condition is not satisfied, (ε ≠ integer) the mode structure is more complicated. As an example, Figure 7 shows the case where OPL EXT is 1.5 times the optical length of the rod. The calculated physical cavity length for this condition is 173 mm. Here, the set of low threshold gain modes are located at five times the free spectral range of the laser cavity. This was the case experimentally in Figure 4 B), where at L C = 175 mm (which our closest data point to the ε = 3/2 condition) the strongest beat is found to be 3340 MHz, or five FSR of the overall cavity. Δν is the frequency detuning from line center where peak gain occurs and Δν FSR is the free spectral range of the resonator.
The above simulations were carried out for specific optical path lengths of the laser cavity. There are, however, potentially sizeable effects from small length variations on the order of a wavelength, that "piston" the relative phase of the two cavity sections. Figure 8 shows the piston dependence of the threshold gain for the same two cavity lengths modeled above. Curves 1 and 2 in each plot show the gain difference (Δg th ) between the lowest threshold mode and the next two competing modes. One can see that while there are minor fluctuations with piston, the threshold gain differences between the three lowest threshold modes are relatively flat and on the order of the gain rolloff (~ 10 -5 cm -1 ). On the other hand, as indicated by curve 3 in Figure 8 a) and b), the gain difference between the lowest threshold mode and its nearest neighbor in frequency are generally much larger and are a periodic function of cavity piston. ( Note that these curves are divided by 20 for comparison purposes.) The modal discrimination between the lowest and highest threshold gain modes is directly proportional to the amplitude reflectivity of the AR coating, which is given by the magnitudes of the scattering parameters S 11 and S 22 . We expect these modes to be heavily rejected by the overall resonator, even in the case of very small reflectivity AR coatings. Figure 9 shows the measured and simulated Q-switched pulse widths (FWHM) versus cavity length. Theory [ 8 ] predicts that pulse width is linear with L C with a slope of 0.027 ns/mm with a y-intercept of 1.47 ns for our cavity. A linear least squares fit of the experimental data yielded a slope of 0.039 ± 0.001 ns/mm with a y-intercept of 3.3 ± 0.2 ns.
Pulse widths and difference in build-up time between longitudinal modes
The simulated pulse width curve (determined by solving the rate equations in reference [ 8 ] instead of using the analytic approximation i.e. Eqn. A.1 of reference [ 8 ] ) is roughly 3 to 5 ns smaller than the linear fit of experimental data. In the model [ 8 ] , for fixed values of R, T o , and cavity length, the pulse width is largely controlled by the stimulated emission cross section and the ratio of the ground state to the excited state absorption cross sections of the Q-switch. When floating the ratio (σ gs/ σ es ) in the model within the published ranges (3.6 to 4.9) [ 18 ] , the y-intercept of the theoretical curve can at most be increased by 800 ps and the slope changes slightly. Therefore, the uncertainty in the ratio cannot explain the discrepancy between the simulated and measured pulse widths. On the other hand, the spatial inhomogeneity of gain which resulted from non-uniform pumping could possibly explain the larger pulse widths measured in the laboratory. The rod is pumped more towards the flash lamp side and hence that side will have higher gain and reach threshold before the rest of the rod. The beam will take some time to walk (diffract) out from this point when lasing starts to other sections of the rod where gain exists. Hence, instead of the entire rod firing at the same time, there will be a time delay for sections with lower gain and the overall pulse will appear stretched in time. A discussion of spatial diffractive filling of a passively Q-switch Nd:YAG laser with Cr +4 :YAG passive Q-switch is given by Zabkar [ 25 ] . , smooth pulses should occur for cavity lengths < 65 mm and < 45 mm. The low modulation depth observed for cavity lengths < 103 mm are generally consistent with the temporal criterion, however the excited state lifetime of the Q-switch is approaching the cavity round-trip time, and it is also possible that the absorber is not able to fully recover between circulating pulses in the resonator. At cavity lengths beyond the cross over point of the simulated pulse width and τ d curves in Figure 9 , modulated temporal intensity waveforms should always be observed according to the temporal criteria [2] , however this is not the case for cavity lengths of 153 mm, 163 mm, 183 mm, and 335 mm where the modulation depths are small. It is likely that the lack of large modulation depths and strong beat notes is a result of finite detector bandwidth used in the experiments, where waveforms are being smoothed due to instrument response.
Future work would involve using a faster detector ( 3 dB bandwidth ≥ 9 GHz) and measuring the temporal intensity profiles at cavity lengths where the mode locking frequency is expected to be an integer multiple of FSR M . The exited state lifetime of the Cr +4 :YAG passive Q-switch could be indirectly inferred from the highest observed mode locking frequency of the QSML pulse train.
CONCLUSIONS
This manuscript has investigated the beat frequencies, modulation depths, and temporal intensity profiles of a flash lamp pumped passively Q-switched Nd:Cr:GSGG laser as a function of cavity length. The measured temporal widths were linearly correlated with cavity length. The linear fit of the experimental pulse widths is generally 3-5 ns larger than simulated pulse widths. The modulation depths of the temporal waveforms were found to be to be periodic in nature with cavity length, peaking at integer multiples of the cavity's free spectral range. The measured beat frequencies were explained by a below-threshold coupled cavity laser model following previous published work. The repetition rate of the QSML pulse train for L C = 130 mm (ε~1) was found to be 2(τ RT ) -1 and not (τ RT ) -1 . The increased repetition rate is due to couple cavity mode locking effects caused by the anti-reflection coating on the output side of the laser gain rod whose measured reflectivity was ~ 4x10 -3 .
The difference in buildup time between longitudinal modes was numerically investigated for different pump rates as a function of cavity length and included gain roll off. Simulations indicate that mode beating will always occur in our cavity for the pumping rates > 3.8x10 22 s -1 cm -3 and cavity lengths > 65 mm because τ P > τ d . Experimental data (modulation depth) is generally consistent with the temporal criterion in reference [ 2 ] . Long cavity lengths and fast pumping rates lead to a decrease in the value of τ d between longitudinal modes. For applications in which short pulse delay (laser turn on time) is important, cavity length, AR coating reflectivity, cavity design ( implementation of Brewster cut gain media to reflect light out of the resonator), and pumping rates must all be considered, if a smooth temporal intensity waveform is required from a flash lamp pumped, passively Q-switched solid state laser.
